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Abstract 
Wavelet analysis is nowadays a widely used tool in applied mathematics. In this work the concept of orthogonal 
vector trivariate wavelet packets, which is a generalization of uni-wavelet packets,  is introduced.   A new method for 
constructing them is developed, and their characteristics is investigated by using time-frequency analysis method, 
matrix theory and iteration method. Orthogonality formulas are established. The sufficient  condition for the existence 
of is investigated. Moreover, it is shown how to gain new orthonormal bases of space 
22 ( )rL R  from these wavelet 
packets.  
 
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of [name organizer] 
 
Keywords:iterative method, orthogonality characters,binary scaling functions, binary wavelet packets, pseudoframes, spline 
functions, matrix thory 
1.Introduction  
The advantages of wavelet packets and their promising traits in various application have attracted a lot 
of interest and effort in recent years. In addition, wavelet packets  provide better frequency localization 
than wavelets while time-domain localization is not lost. Frame theory has become the focus of active 
research, both in theory and in applications Wavelet wraps have been used to signal processing [1], image 
compression[2] so on. Shen[3] constructed the multivariate orthogonal wavelet wraps. Vectorvalued 
wavelets are a class of gener- alized multiwavelets. Xia[4] introduced the notion of orthogonal vector  
wavelets with two-scale. However, vector  wavelets[5] and multiwavelets are different. Hence, studying 
vector wavelets is useful in multiwavelet theory and representations of signals. It is well known that the 
majority of information is multi-dimensional information. Thus, it is significant to generalize the notion 
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of binary wavelet wraps to the case of multiple vector-valued binary e wavelets. Based on some ideas 
from Shen [3], the goal of this paper is to discuss the properties of vector binary wavelet wraps.  
2.Vector multiresolution analysis  
Let C  and R  be all complex and all real numbers, respectively. Z  and N  denote, respectively, all 
integers and all positive integers. Set {0} , ,Z N m r N as well 
as , 2m r , 1 2
2
2 1{( , ) : , }Z Z  By finite group theory, it is obvious that there are 
2m elements 
0 1, ,a a , 2 1ma in
2Z such that 
0
1
2 2 2
2
2( ); ( ) ( ) ,
a
Z a mZ a mZ a mZ  
where 20 0 1 1{ , , , }ma a a denotes the set of all the different representative elements in the quotient 
group 2 2/( )Z mZ and 2
2
1 1 2{( , ) : , }Z n n n n Z  and order 0 {0}a , where {0}  is the null element 
of 2 ,Z   and 1 2,a a denote two arbitrary distinct elements in 0 . Let 0 {0}and 0,  to be two 
index sets. Let us  define    22 2( ) { :r r r rZ B Z C  
1
2
2
2
2 ,, 1
|| || ( ( )| ) }
v Z
r
B b v . 
By 22 ( )rL R , We denote the set of all vector function ( )F x , i.e. 
1{ ( ) ( ( ),F x f x 22 2( ), , ( )) : ( ) ( ), 1,2, , },Trf x f x f x L R r where 
T means the transpose of a vector. 
For 2 2( ) ( )rF x L R , its integral is defined as
2 2 22 1 2( ( ) , ( ) , , ( ) )( ) rR R RR f x dx f x dx f x dxF x dx  and the Fourier transform of ( )F x   is defined by 
   
2
( ) : ( ) exp{ , }
R
F F x i x dx                         (1) 
where ,x  denotes the inner product of x   and . For two vector-valued functions 2 2, ( )rG L R , 
their symbol inner product is defined by 
2
*( ), ( ) : ( ) ( ) ,
R
G x G x dx                              (2) 
where * means the transpose and the complex conjugate, and rI  denotes the r r  identity matrix. A 
sequence { ( )}l l ZF x  
2 2( )rL RU is called an orthonormal set of the subspace U , if the following 
condition is satisfied 
,( ), ( ) , , ,j k j k rF F I j k Z                         (3)  
where ,j k  is the Kronecker symbol, i.e., , 1j k  as j k and , 0j k  otherwise. 
Definition 1. We say that 2 2( () )rLF t RY  is an orthogonal vector function of Y  if its 
translates 2{ ( )}v ZF t v  is an orthonormal set of the subspace Y , i.e., 
2
,( ), ( ) , , .n v rF n F v I n v Z          (4) 
Definition 2[5]. A sequence 2{ ( )}v v ZF t U  
22 ( )rL R  is called an orthonormal basis of U , if it 
satisfies (2), and for any ( )H x U , there exists a unique sequence of s s  constant matrices 
2{ }k k ZM such that 
2
( ) ( ).v v
v Z
H x M F x                               (5)  
In this section, we introduce the notion of vector multire-solution analysis, which is an important 
approach in the const- ruction of various wavelets. 
Definition 3.  We say that a vector multiresolution analysis of 22 ( )rL R is a nested sequence of 
closed subspaces { }j j ZV   such that  (i) 1,jj j ZV V ;  (ii) { }jj Z V O  and  jj Z V  isdense 
in 22 ( )rL R , where {O} denotes r r  zero matrix;  (iii) 1( ) ( ) , ;j jF x V F mx V j Z  (iv) 
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there exists a vector function 0( )G x V  so that  { ( ) : ( )vG x G x v  
2: }v Z form a Riesz basis for 
subspace 0.V  
Now that 0 1( )G x V V , by definition 3 and (4) there exist a finite supported constant s s   
matrix sequence 2{ } Zv vA  such that    
2
( ) ( ).
Z
v
v
G x A G mx v                             (6) 
                ( ) ( ) ( ),G m A G                                    (7)} 
where 2
,2( ) 1/ i n
Z nn
A m A e  Equation (6)  is called a refinement equation and ( )G x  a 
vector scaling functction. Let ,jW j Z  be the direct complementary subspace of jV  in 1jV and there 
exist 2 1m vector  function ( )x 22 ( )rL R , such that the translates and dilations of ( )x  
form a Riesz basis of jW , i.e.,  
2 2
2
( )
( ) : , .r jj L RW Close m x x Z    (8)  
Since 0 1( ) ,x W V   there exist
2 1m  small supported constant r r matrix sequences 
2
( ){ }v v ZB such that 
2
( )( ) ( ), .
v Z
vx B G mx v                     (9) 
The vector-valued functions 2 2( ) ( )rG x L R   is said to be an orthogonal one, if 
    20,( ), ( ) , .rvG G v I v Z                  (10) 
We say that 2 2( ) ( ) ,rx L R are orthogonal vector wavelets associated with an orthogonal 
vector-valued scaling functions ( )G x , if 2{ ( ), , }x v v Z  is a Riesz basis , and 
    2( ), ( ) , , .G v O v Z         (11) 
    , 0,( ) ( ) .v rv I      (12) 
For , j Z , Set 
     22
( ) 2
( )
( ) : .r jj L RW Close m v v Z         (13) 
From jW  and (8), (10)-(13), we obtain the below relation. If 
2 2( ) ( ) ,rx L R  orthogonal 
vector wavelets assocciated with an orthogonal vector scaling function ( )G x , then 
     2 )2 (( ) ( ).r j j
j Z j Z
L R W W                       (14) 
where  denotes the orthogonal sum. 
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3.The traits of  vector wavelet wrars  
To introduce the vector wavelet packets, we set 
0 ( ) ( )x F x ,
2(0) ( ) ( ) .v v vvP A P B v Z Then, the equation  (7) and (8) can be written as 
       2
( )
0 0( ) ( ), .vv Zx P mx v        (15) 
For any 3Z , and the given vector orthogonal scaling function ( )G x , 0 , , let 
     
2
( )( ) ( ) ( ).m v
v Z
x x P mx v     (16) 
Definition 4. The family of vector functions { ( ),m x 0
2 , }Z  is called vector binary 
wavelet wraps with respect to the vector scaling function ( )G x , where ( )m x  is given by  (16). 
Taking Fourier transform for the both sides of (16) yields 
       ( ) 0( ) ( ) ( ), ,m m P         (17) 
where  
2
( ) ( )
02
,1 ,( ) .i vv
v Z
P P e
m
    
Theorem 1. If 2{ ( ), }n x n Z  is the vector wavelet packets  with respect to the orthogonal 
vectorvalued bivariate function ( )G x . Then 
          ,
2
0( ), ( ) , .v rv I v Z             (18) 
Proof. We have ( ) ( )x G x0  in the case of 0n . Formula  (18)  holds from  formulus (10) . 
Assuming 1 2( , )n n n  
2Z and 1 2| |n n n s  where s N is a constant, the result is established. 
For 2 ,| |Z s , we prove (18) follows. Let n m  where 2 0,Z . Since 2m   
then| | | | .n  By induction assumption, we have 
2
( 2 ) ( 2 ) .r
n Z
n n I Then, by 
Lemma 1, Lemma 2 and relation (18), we have 
2
( 2 ) ( 2 )
n Z
n nn n  
0
2
( ) 2 2( )[ ( 2 )
Z
P
m m
 
( )2 2( 2 ) ] ( )P
m m
 
0
( ) ( )2 2( ) ( ) .rP P Im m
 
Thus, by Lemma 1, 0,( ), ( ) .n n v rv I  
Theorem 2. If the family 2{ ( ), }x Z   is the vector-valued wavelet packets rearding the 
orthogonal vector-valued function ( )G x , then for 2 0, ,n Z ,  
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      0, ,( ), ( ) .m m k rk I              (19) 
Proof.  Since the space 2
2 2([0,2 ] 2 )
k Z
R m mk , and for 1 2k k and 1 2
2,k k Z  ,  it holds 
that 2([0,2 ]m , 1
2
22 ) ([0,2 ] 2 )mk m mk ,then we have   
24 ( ), ( )m m k  
2
( ) 1 1 1( ) ( ) ( )
R
P m m m  
( ) 1 ,( ) i kP m e d  
02
( ) ( ) ,
[0,2 ]
2 2( ) ( ) i k
u
u uP P e d
m m
 
2
,
, 0, , .[0,2 ]
· · ·i k r k re I d I  
Theorem 3. If 2{ ( ), }n x n Z  is the vector wavelet packets  with respect to the orthogonal 
vectorvalued bivariate function ( )G x , then for 2, Z , we have 
       3, 0,( ), ( ) , .k rk I k Z      (20) 
Proof.  For the case of , it follows from Theorem 1 That  (23)  follows. 
As  and 0, , it also follows from Theorem 2 that  (23) follows.  Assuming that  
is not equal to , and one of { , } doesn't belong to 0 ,   or neither of { , }   belong to 0 , we 
rewrite , as 1 1,m  1m 1, where 
3
1 1, Z , 1 1 0, .   (i)  If 1 1 , 
then 1 1 . It follows by (17) that  (19) follows, since 
         ( ), ( )k  
       
1 1 12 1
,
2
1 ( ) ( )
4
i k
m mR
e d $ 
     
1 12 ,0,2 ]2
1 exp{ , } .
4 r
I i k d O   
(ii) If 1 1,  order 1 2 2 1 2 2,m m , where 2 2
2, Z  and 2 2 0, .If 
2 2 , then , 2 2 .Similarly tothe case (i), we have ( ), ( ) .k O  
That is to say, the proposition holds in such case. if 2 2 ,we order 
2 3 3,m 2 3 3m  once more, where 
2
3 3 3 3 0, , ,Z   Thus, after  taking 
finitetimes (denoted by ), we obtain 0,  and 0, .If   , Then . 
Similarly to thecase (i),  (20) follows If , by  (15)-(16)  ,  Similarly to Lemma 1,  we get that  
2(2 ) ( ), ( )k  
2 1 1 1 1
( ) ( ) exp{ , }m mR i k d  
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1 1
2 1 1
( ) ( ) ,( ) ( ) ( ) ( ) i k
R
P P e d
m m m m
 
2
2
2 2
1( ) ( )
2( ) ( ) ( ) ( )R P Pm m m m
  
      2 1( ) ( )2 ,( / ) ( / ) i kP m P m e d  
  
2
( )
1
{ ( )} ( ) ( )
R
P
m m m
       
 ( ) ,
1
·{ ( / )} i kP m e d     
2
( )
[0,2 ]
1
{ / )}(
m
P m O     
     ( ) ,
1
·{ ( / )} .i kP m e d O  
In a word, for any 2, Z  formula (23) follows. 
Define a dilation operator ( )( ) ( )H x H mxM , where 2( ) ( )rH x L R  and set 
{ : ( ) }E H H x EM M where 2 ( )rE L R .  For arbitrary 2Z , define a set 
2
2 2{ ( ) : ( ) ( ), ( ) },r rv vv ZH x H x C x v C ZE Then
( )
0 0 0,E V E W   be a unitary 
matrix. 
Lemma 3[3]. For arbitrary 2Z , the space EM   can be orthogonally decomposed into spaces 
0,mE , i.e., 
0
.mE EM                                        (21)  
Corollary 1 [3]. The set of the vector functions { ( ),k  2 2, }Z k Z forms an 
orthonormal basis of 2 ( ) .rL R  
Definition 1. A bivariate generalized multiresolution analysis , ( ),nV s s is a sequence of 
closed linear subspaces n n ZV  of
2 2L R   and  elements s , 2 2s L R ,such that (a) 
1n nV V n Z  ; (b) 0n Z nV ; n Z nV  is dense in 
2 2L R :(c) nh s V  if and only 
if 1nDh s V , n Z ,where 2 2Df s f s , for
2 2f s L R ; (d) 0h s V implies 
0vh s V , for all, 
2v Z ; (e) 2,v s v Z constitutes a pseudoframe for 0V  with respect 
to 2,v s v Z . 
Let be the characteristic function of the interval defined in Proposition 1. We shall use the 
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the below 1-periodic function 2k Z k  .  
Theorem 84 . Let be the bandwidth of the subspace 0V  defined in Theorem 1. 
, ,k ks s forms a pseudoframe of translates for 1V  with respect 
to { ,k s , }k s  if and only if there exist functions B  and ,D  in 
22 0,1L  such that 
4B P D Q ;   (22.1) 
1 1 0
2 2
B P D Q .   (22.2) 
Theorem 5 8 . Let s , s , s  and s ,  be functions in 2 2( )L R  defined by 
(14),  (15), (18) and (19), respectively. Assume that conditions in Theorem 3 are satisfied. Then, for any 
function 2 2L R , and any integer n, 
2
3 1
, : ,, : ,
1
, ,
n
n k v kn k v k
k Z v k Z
s s .      (23) 
Furthermore, for any  2 2( ) ( )s L R , 
2
3
: , : ,
1
, v k v k
v k Z
s s .            (24) 
Consequently, if : ,v k  and  : ,v k ,  ( , ,v Z  
2 )k Z are also Bessel sequences, they are a 
pair of affine frames for 2 2L R . 
4.Conclusion 
      A novel method for constructing them is developed, and their characteristics is investigated by using   
time-frequency analysis method, matrix theory and finite group theory. Three orthogonality formulas are 
presented. The pyramid decompos- -ition scheme is derived based on such a GMRA. 
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